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We consider  a simple two-dimensional  plane solution of the equations of magnetohydrodynamics given 
ear l ie r  in general  form by A. G~ Kulikovskii [1]. The plane cumulation of mater ia l  near a magnetic neutral  
line is a special case of this solution and is of in teres t  for various fast p roces se s  in a p lasma such as the 
z-pinch and solar  f lares  [2]. 

There has recent ly  been an increased interes t  in two-dimensional  magnetohydrodynamic motions of 
mat te r  in connection with a number of intensively studied physical  and as t rophysical  phenomena, for exam- 
ple, the p lasma focus in a z-pinch and solar  chromospher ic  f lares.  It is significant also that as a conse-  
quence of the p rogress  of computational mathematics  all these phenomena have been studied la rge ly  by nu- 
mer ica l  methods. Thus it is useful to examine those few analytic solutions of two-dimensional  magneto-  
hydrodynamics which have even an indirect  relat ion to actual magnetohydrodynamics problems in a com-  
plete physical formulation. We examine a cer ta in  c lass  of simple solutions of the equations of magnetohydro-  
dynamics for  two-dimensional  plane nonstationary motion. Two subclasses  of solutions with completely 
different physical  meanings can be distinguished. The subclass  including solutions with a cumulative plane 
compress ion  of mater ia l  near a magnetic neutral line is of par t i cu la r  interest .  

1. Let us consider  the two-dimensional  plane nonstat ionary problem of magnetohydrodynamics.  Sup- 
pose the motion of the mater ia l  occurs  in the x,y plane, i.e., the z component of the velocity v z = 0. If in 
addition there is no z component of the magnetic field, B z = 0, and all quantities depend on the coordinates 
x and y and the t ime t, then only the z components of the electr ic  field E z and the cur ren t  density Jz can be 
different f rom zero,  Suppose further  that Ohm's law has its s implest  form 

j = ~(E + c -1 Iv.B]), (1.1) 

In this formuIation of the problem the electromagnet ic  field can be descr ibed by a single component 
of the vector  potential A, A z = A: 

OA OA Ez  = t OA 
B~=-~-y,  B~=  0 z '  -- c Ot (1.2) 

The sca la r  potential ~ is set equM to ze ro  as a consequence of the gauge invariance of the e lec t ro -  
magnetic field [3]. Then if the conductivity of the mater ia l  o- does not depend on the spatial coordinates,  the 
magnetohydrodynamic equations can be writ ten in the form 

dA c ~ dv - -  5 A A V A  d---i- ~ ~ AA,  P -dF = - -  Vp 
(I.3) 

dp -~/- + p div v = 0 

where the functions A, v, and p depend on x, y, and t. The equation for the component of the vector  potential 
A in (1.3) is identical with the corresponding equation in [2] if (1.1) is taken into account. 

2. The sys tem of equations (1.3) has a cer ta in  c lass  of simple solutions noted by ,4. G. Kulikovskii [1]. 
We assume that the p r e s s u r e  p is a function only of the density p. The conductivity of the mater ia l  ~, which 
in general depends on the p re s su re  and density, then becomes a function only of the density. Of course  this 
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has  the d i m e n s i o n s  of t ime .  
functions 

a s s u m p t i o n  is compat ib le  with Eqs.  (1.3) only if the dens i ty  is independent  of the spat ia l  coord ina tes .  We 
c o n s i d e r  the c l a s s  of so lu t ions  

A = r a + r + a ,  v = U r ,  p=p(t), p=p(p) (2.1) 

where  r = {x,y) is the r ad iu s  vec to r ,  and the m a t r i c e s  a+ = [I aij{[ and U = [{ uij]{ (i, j = 1, 2). We note tha t  
a12 = a21. The t ime  dependence  of the nine funct ions aij(t), uij(t), a(t),  and p(t)(i, j = 1, 2) is d e t e r m i n e d  by a 
s y s t e m  of o r d i n a r y  d i f fe ren t ia l  equat ions obtained by subst i tu t ing the e x p r e s s i o n s  f r o m  (2.1) into the o r ig ina l  
s y s t e m  {1.3). In m a t r i x  f o r m  these  equat ions a r e  

U' + U ~ -- sp~+ 
~O a+, p' = - -  S p U p  (202) 

St a+' + a +  + 2(a~U + U * a + * ) = O .  ~, = ~ c ~  S p a + .  

Here  Spa+ and SpU a r e  r e s p e c t i v e l y  the t r a c e s  of the m a t r i c e s  a+ and U; an a s t e r i s k  denotes  the t r a n s -  
pose  of a ma t r i x ,  and the p r i m e s  indicate  d i f fe ren t ia t ion  with r e s p e c t  to the t ime.  

It is  c l e a r  f r o m  Eqs.  (2.2) tha t  the c a s e  of finite conduct iv i ty  of the m a t e r i a l  is only v e r y  s l ight ly  dif-  
f e r en t  f r o m  the l imi t ing  c a s e  of infinite conduct ivi ty .  When ~ < ~ , the  so lu t ion  conta ins  an addit ional  func-  
t ion  a(t) d e t e r m i n e d  f r o m  the l a s t  equat ion of (2.2) af ter  so lving the r e s t  of the s y s t e m .  In the l imi t ing  c a s e  
when cr ~ ~ ,  a = 0. Thus  a c c o r d i n g  to {1.2) only an addit ion to the z componen t  of the e l e c t r i c  field r e s u l t s  
f r o m  taking accoun t  of the finite conduct iv i ty  of the m a t e r i a l .  The magne t ic  f ield and the mot ion  of the m a -  
t e r i a l  a r e  the s a m e  as  in the l imi t ing  ca se .  

It is expedient  to wr i t e  Eqs.  (2.2) in d imens ion l e s s  fo rm.  To do this we note tha t  the init ial  condi t ions  
of the p r o b l e m ,  which a r e  obtained f r o m  (2.1) fo r  t = 0, contain  two d imens iona l  c o n s t a n t s :  P0, the init ial  
dens i ty  of the m a t e r i a l ,  and a 0 = a 11 ,* the f i r s t  coef f ic ien t  in the quadra t ic  f o r m  for  the function A. It is 
e a s y  to see  that  the combina t ion  

�9 to : (~p0)'~ %-~ (2.3) 

Then we obtain f r o m  (2.2) the d imens ion l e s s  equat ions  for  the  d i m e n s i o n l e s s  

aii = ao-laij, aiy ~ t0u~j, P = P0-1P �9 (204) 

We s imp l i fy  the nota t ion  for  the d i m e n s i o n l e s s  functions in (2.4) by  omi t t ing  the b a r s  ove r  the  quant i -  
t i es .  Unless  spec i f i ca l ly  noted we hencefor th  cons ide r  the d imens ion l e s s  quant i t ies  

U'  + U ~ = - -  Spa+a+p -1, 9' ---- - -  S p U 9  
(2.5) 

a+' -}- a+*' -)- 2 (a+u @ U 'a+ , )  = O. a' ---- %Spa+ 

where  now p r i m e s  denote  d i f fe ren t ia t ion  with r e s p e c t  to the d i m e n s i o n l e s s  t ime  r = t / t  0. In (2.5) T O = t0/t '0, 
with t '  0 = l 22v cr/c 2, whe re  l 0 is an a r b i t r a r y  unit  of length en te r ing  into the def ini t ion o f  the d imens ion l e s s  
funct ion ~ = a / l  2 a0" 

3. In spi te  of the e x t r e m e  s impl i c i ty  of  the spa t ia l  dependence  of  the solut ion under  cons ide ra t ion  it 
has  an i n t e r e s t i ng  phys ica l  meaning .  Without exhaust ing all the f o r m s  of the solut ions  of (2.5) (determined 
by  s ix d i m e n s i o n l e s s  n u m b e r s  - the init ial  va lues  of a i j  and uij) we indicate  two p a r t i c u l a r  s u b c l a s s e s  of 
solut ions .  If the m a t r i c e s  U and a+  in the init ial  condi t ions  a re  d iagonal  (a 12(0) = u21(0) = 0), then a c c o r d i n g  
to (2.5) they a r e  diagonal  fo r  all �9 > 0: 

a12 = u12 ~ u21 = 0 .  (3.1) 

In the p r e s e n t  c a s e  the moving  m a t e r i a l  does  not c r o s s  the coord ina te  axes  and the magne t i  c l ines  of  
fo rce  a r e  p e r p e n d i c u l a r  to  the axes .  A s impl i f ied  s y s t e m  of equat ions  with r 0 = 0 is obtained f r o m  (2.5) by 
taking accoun t  of {3.1): 

P (tt ' l l '  "~- Ull ~) = - - a l l  ( a l l  -]- a22), P (tt22' -~- u:~22) = - - a22 (a l l  -}- a2~), 

p' "~- p (Ull ~- U2Z ) = 0 (3.2) 

all" + 2alxUn = O, a~z" + 2a2zu22 ~ 0 . 

�9 Dimens iona l  c o n s i d e r a t i o n s  [4] and the  fac t  tha t  the init ial  condi t ions  'contain only the two indicated d imen-  
Sional cons t an t s  lead to the c ons t ruc t i on  of the c l a s s  of  solut ions  wr i t t en  in (2.1). 
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If the  s i g n s  of a l l  and az2 a r e  o p p o s i t e  i n i t i a l l y ,  the s y s t e m  of equa t ions  (3.2) d e s c r i b e s  t he  n o n s t a t i o n -  
a r y  mot ion  of m a t e r i a l  n e a r  a m a g n e t i c  n e u t r a l  l ine .  The m o s t  i m p o r t a n t  p r o p e r t y  of  the  m o t i o n  i s  the cu -  
m u l a t i v e  c o m p r e s s i o n  of m a t e r i a l  o c c u r r i n g  d u r i n g t h e  f in i t e  t i m e  t o ~ t 0. We show the c u m u l a t i v e  c h a r a c t e r  
of  the  g e n e r a l  s o l u t i o n  of Eqs .  (3.2). To do th i s  we i n t r o d u c e  new func t ions  ~ and ~?: 

an = ~-2 a~2 = - -  ~1-2 . (3.3) 

We denote  the i n i t i a l  v a l u e s  of } and V b y  ~ 0 and V 0. WitLout  l o s s  of g e n e r a l i t y  we can  a s s u m e  tha t  
~, p > 0. Then f r o m  the  l a s t  t h r e e  Eqs .  of (3.2) 

P = (01)-1~0%, un = ~'~-i, u22 = ~l'n -1 . (3.4) 

The r e m a i n i n g  two equa t ions  of s y s t e m  (3.2) g ive  two s e c o n d - o r d e r  d i f f e r e n t i a l  equa t i ons  fo r  ~ and V: 

~" = ~ ( ~ - " -  n-2), n" = (~-~ n-s) (3.5) 
~oTlo ~ 

F o r  ~0 > T0 and ~'o > 7'0 i t  fo l lows f r o m  Eqs .  (3.5) tha t  ~"o > 0 and 7"0 < 0. Th is  c l e a r l y  i n d i c a t e s  a 
f u r t h e r  s t r e n g t h e n i n g  of the i n e q u a l i t y  ~ > 7.  F r o m  (3.5) the  s e c o n d  d e r i v a t i v e s  ~" and 7 "  do not change  
s i gn  r i g h t  up to  the  s i n g u l a r  p o i n t  T = Zc w h e r e  ~ (T c) = 0. If ~0 < 70 and ~'0 < 7'0, on the  o the r  hand,  the  
i n e q u a l i t y  ~ < ~? i s  s t r e n g t h e n e d  and a s i n g u l a r i t y  o c c u r s  w h e r e  ~ v a n i s h e s .  Al l  o t h e r  t y p e s  of i n i t i a l  c o n -  
d i t i ons  (~0 > V0, ~'0 < 7 '0  o r  ~0 < 70, ~'0 > V'0) l e a d  to  one s i n g u l a r i t y  o r  the  o t h e r  d e p e n d i n g  on w h e t h e r  o r  
not  the i nequa l i t y  of the f i r s t  d e r i v a t i v e s  change s  b e f o r e  the  ~ and V c u r v e s  i n t e r s e c t . *  We note tha t  the 
t i m e  of t he  s i n g u l a r i t y  T c i s  a l w a y s  f in i te  s i n c e  the  c o r r e s p o n d i n g  s e c o n d  d e r i v a t i v e  is  s t r i c t l y  nega t ive .  
The c u m u l a t i o n  c o r r e s p o n d i n g  to the  s i n g u l a r i t y  of the  so lu t i on  d e m o n s t r a t e d  above  i s  c h a r a c t e r i z e d  by the 
unbounded i n c r e a s e  of p ,  ai1 , and u~l (as ~ ~ 0) o r  of p ,  a22 , and u22 ( a s  ~ ~ 0) .  The c u m u l a t i v e  c o m p r e s -  
s ion  o c c u r s  p e r p e n d i c u l a r  to the  y, z o r  x, z p l a n e s .  The n u m e r i c a l  i n t e g r a t i o n  of Eqs .  (3.2) and the  i n v e s -  
t i ga t ion  of the p h y s i c a l  p r o p e r t i e s  of the  so lu t i ons  ob ta ined  a r e  g iven  in [2]. 

The  o the r  s u b c l a s s  of s o l u t i o n s  with c o m p l e t e l y  d i f f e r e n t  p h y s i c a l  p r o p e r t i e s  i s  ob ta ined  b y  a s s u m i n g  
tha t  in the i n i t i a l  cond i t ions  the  d i a g o n a l  e l e m e n t s  of the  m a t r i x  U a r e  z e r o  and tha t  m a t r i x  a +  is d i agona l  
a s  b e f o r e .  Then  f r o m  (2.5) t h e r e  fo l low f i r s t  t ha t  the i n i t i a l  s t r u c t u r e  of the  m a t r i c e s  i s  p r e s e r v e d ,  and 
s e c o n d  tha t  the r e m a i n i n g  c o m p o n e n t s  a r e  un ique ly  d e t e r m i n e d  

a 1 2  ~ U l l  = u 2 2  ~ 0 ,  a l l  ~ a 2 2  ~ a 
uiz = --u2i = u, u = ~___V-2a . (3.6) 

The p h y s i c a I  moan ing  of  the s t a t i o n a r y  s o l u t i o n  (3.6) is  e l e m e n t a r y .  M a t e r i a l  r o t a t e s  about  the z ax i s  
wi th  a c e r t a i n  c o n s t a n t  a n g u l a r  ve loc i ty ,  and  the m a g n e t i c  l i n e s  of  f o r c e  a r e  c o n c e n t r i c  c i r c l e s .  The e l e c t r i c  
c u r r e n t  d e n s i t y  c o r r e s p o n d s  to the  a n g u l a r  v e l o c i t y  so  that  a t  a l l  po in t s  of s p a c e  the  c e n t r i f u g a l  and p o n d e r o -  
m o t i v e  f o r c e s  c o m p e n s a t e  one a n o t h e r :  

t . d v  
-~-- [ j -B]  d- P - E / - = 0  . (3.7)  

The i d e n t i t y  (3.7) i s  e a s y  to p r o v e  b y  ~aking a c c oun t  of the  f a c t  t ha t  4~r j = c c u r l  B and u s i n g  Eqs .  (1.2), 
(2.1), (2.3), (2.4), and (3.2). 

4. The  s o l u t i o n  d i s c u s s e d  is  u se fu l  in i n v e s t i g a t i n g  the p l a n e  c u m u l a t i o n  of m a t e r i a l  n e a r  a m a g n e t i c  
n e u t r a l  l i ne .  In a s p e c i f i c  m a g n e t o h y d r o d y n a m i c s  b o u n d a r y - v a l u e  p r o b l e m  th i s  s o l u t i o n  can ,  u n d e r  c e r t a i n  
r e s t r i c t i o n s ,  be  u s e d  as  an e x p a n s i o n  n e a r  the n e u t r a l  l ine .  Such an e x p a n s i o n  i s  p a r t i c u l a r l y  i m p o r t a n t  when 
t h e r e  i s  a c u m u l a t i v e  s i n g u l a r i t y  of the g e n e r a l  so lu t i on  ob t a ined  by  n u m e r i c a l  m e t h o d s .  

The na tu r e  of the  c u m u l a t i v e  s i n g u l a r i t y  i s  v e r y  i m p o r t a n t ,  p a r t i c u l a r l y  for  the  p h y s i c a l  i n t e r p r e t a t i o n  
of t h e  so lu t ion .  I t  i s  i n t e r e s t i n g  t h a t  i t  is  r e l a t i v e l y  s i m p l e  to e s t a b l i s h  the  l e a d i n g  t e r m s  in the  t i m e  d e p e n -  
dence  of a l l  quan t i t i e s  c l o s e  to  the c u m u l a t i o n  t ime  T c.  Subs t i t u t ion  into the  c o m p l e t e  equa t ions  (2.5) shows  

* The s p e c i a l  c a s e  ~0 = 70 is  not  an e x c e p t i o n  s i n c e  in s a t i s f y i n g  the i n e q u a l i t y  ~'0 > 7 '0  a t  t i m e s  n e a r  T = 0 
the i n e q u a l i t i e s  ~" > 0 and ~'~ < 0 wi l l  ho ld .  Al l  the r e s t  of the  a r g u m e n t  c a n  be r e p e a t e d  w o r d  fo r  word~ 
A c t u a l l y  the  s o l u t i o n  with the  i n i t i a l  cond i t ions  }0 = V0 and ~'0 = ~ '0 t u r n s  out  to  be a s e p a r a t e  c a s e .  Th is  
so lu t i on  does  not have  s i n g u l a r i t i e s  and c o r r e s p o n d s  to  a u n i f o r m  e x p a n s i o n  o r  c o m p r e s s i o n  of m a t e r i a l  
wi thout  the p a r t i c i p a t i o n  of p o n d e r o m o t i v e  f o r c e s  (Jz = 0). 
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that  the par t icular  solution 

a+ = - , U = (4.1) 

where A = T c -- T and fl and ~ are  a rb i t r a ry  constants,  satisfies all the equations up to t e rms  which are  
second order  in compar i son  with the principal  t e r m s .  For  the par t icular  solution (4.1) the dimensional phys- 
ical quantities of (1.2) and (2.1) behave as follows: 

v~ ~ A - I x ,  B ~  ~ A-V~x ,  B v ~ A - V , x  

p N A-21~, ]z  ~ A-'I3, E z ~ A- ' l~x~ . (4.2) 

It should not be assumed  in general  that the cumulative solution is pecul iar  to subclass  (3.1) and (3.2). 
In a broader  sense it also sat isf ies  the complete sys tem of equations (2.6), as does the par t icu lar  solution 
(4.1) presented  above, since nondiagonal elements of the mat r ices  a +  and U appear in (4.1). 

In conclusion we note that as a resul t  of cer ta in  t ransformat ions  solution (2.1), which re fe r s  to an un- 
bounded physical  system, can be applied to a volume of mater ia l  bounded by a cylindrical  surface [5]. It is 
also possible to go f rom (4.1) to a s imilar  solution for an incompressible liquid found ear l ie r  [6]. In the 
la t ter  case the spatial dependence of the p res su re  p ~ bx 2 + cy  2 + d mus t  be taken into account in Eqs. (1.3) 
and a bounded volume of mater ia l  with the p re s su re  specified on its surface must  be considered. 

The author thanks M. A. Leontovich and S. I. Syrovat-ski i  for valuable discussions and L. V. Ovsyanni- 
kov for a cri t ique and a number of helpful comments .  
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